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Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X

e Agent devotes effort a = X?, chooses optimal effort by

Vo = mng Ua( — ¢(a))
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Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)

e Agent devotes effort a = X7, chooses optimal effort by

Va(6) 1= maxE UA(£(X7) — (a) = 4(¢)
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Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)
e Agent devotes effort a = X7, chooses optimal effort by
Va(©) = maxE U (£(X°) — c(a)) = 4(¢)
e Principal chooses optimal contract by solving

mgaxE UP(Xé(ﬁ) — f(X‘s({))) under constraint V(&) > p
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Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)

e Agent devotes effort a = X7, chooses optimal effort by
Va(§) = maaxE Ua(E(X7) = c(a)) = 4(¢)
e Principal chooses optimal contract by solving

mgaxE UP(Xé(ﬁ) — f(X‘s({))) under constraint V(&) > p

= Non-zero sum Stackelberg game
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Principal-Agent problem Formulation

Reduction to standard control problem

(Static) Principal-Agent Problem ==> Continuous time

e Principal delegates management of output process X,
only observes X
pays salary defined by contract £(X)

e Agent devotes effort a = X7, chooses optimal effort by
Va(§) = maaxE Ua(E(X7) = c(a)) = 4(¢)
e Principal chooses optimal contract by solving

mng UP(Xé(ﬁ) — f(X‘s({))) under constraint V(&) > p

= Non-zero sum Stackelberg game
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Principal-Agent problem

Formulation
Reduction to standard control problem

Principal-Agent problem formulation

Contract C = (7, ,¢)
7 F—stopping time, w F—adapted, and ¢ F,—mble

Agent problem

V§(C) = EspggEP [ﬁ(X) —I—/O

P € P : weak solution of Output process : @
C/Xt = bt(X,l/t)dt—i—Ut(X,Vt)deP P —a.s. [

for some v valued in U ﬂ
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Principal-Agent problem

Formulation
Reduction to standard control problem

Principal-Agent problem formulation

Contract C = (7, ,¢)
7 F—stopping time, w F—adapted, and ¢ F,—mble

Agent problem

V$(C) := sup E¥ [ﬁ(X) +/ (e — Ct(Vt))dt} J
PP 0
P € P : weak solution of Output process : @
C/Xt = bt(X,l/t)dt—i—Ut(X,Vt)deP P—as. [

for some v valued in U

Principal problem choose among acceptable contracts
=, = {C: VAO) = p)
best contract, given Agent's optimal response P*(C)

VOP = sup EF (C)[ ( (X) — £(X) - /T t(X)dt)}

Ce=,
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Principal-Agent problem

Formulation
Reduction to standard control problem

Principal-Agent problem formulation

Contract C = (7, ,¢)
7 F—stopping time, w F—adapted, and ¢ F,—mble

Agent problem

V$(C) := sup E¥ [ﬁ(X) +/ (e — Ct(Vt))dt} J
PeP 0
P € P : weak solution of Output process : @
dXe = oe(X, ve) (Ae(X, ve)dt + dWE) P —as. 14

for some v valued in U

Principal problem choose among acceptable contracts
=, = {C: VA©) = p)
best contract, given Agent's optimal response P*(C)

VOP = sup EF (C)[ ( (X) — £(X) - /T t(X)dt)}

Ce=,
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Principal-Agent problem Formulation

Reduction to standard control problem

A general solution approach

e Path-dependent Hamiltonian for the Agent problem :

1
H (w,2,7) 1= sup {be(w, u) 2+ 5010/ (w, 1) 17+ me(w) —ce(w, u)}}
uel

eFor Yo e R, Z, T FX — prog meas, define P—a.s. for all P € P

t

1

YtZﬁr = YO +/ Zs : dXs + Ers : d<X>5 - H;T(X’ ZS’ Fs)ds
0
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Principal-Agent problem Formulation

Reduction to standard control problem

A general solution approach

e Path-dependent Hamiltonian for the Agent problem :

1
H (w,2,7) 1= sup {be(w, u) 2+ 5010/ (w, 1) 17+ me(w) —ce(w, u)}}
uel

eFor Yo e R, Z, T FX — prog meas, define P—a.s. for all P € P

t

1

YtZﬁr = YO +/ Zs : dXs + Ers : d<X>5 - H;T(X’ ZS’ Fs)ds
0

Proposition

Va (T,7r, YTZ’F) = Yp. Moreover IP* is optimal iff

v = Arglrg%x H{(Z:,Te) = 0(Z:,Ty)

. I _ _ K S
Proof classical verification argument in stochastic control
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Principal-Agent problem Formulation

Reduction to standard control problem

Principal problem restricted to revealing contracts

Dynamics of the pair (X, Y) under “optimal response”

dX; = be(X,0(Z, rt)> dt + oy (X, o(Zt, Ft)) dW;

dYZ" = Zp - dXe + 3Te : d(X)e — HE(X, Z;,T1)dt

is a (1 state augmented) controlled SDE with controls (7, Z, )

— Principal’s value function under revealing contracts :

Ve > Vo(Xo, Yo) :=sup E[U(Z(X)—YTZ’F—/OdetH, Y Yo > p

(r,m)
(z,nNev

where V= {(Z,1) - Z € B2(P) and P*(Y7") £ 0} X

OLYTECHNIQUE
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Principal-Agent problem Formulation

Reduction to standard control problem

Reduction to standard control problem

Theorem
Assume V) # (). Then

Vo = sup Vo(Xo, Y0)
Yo=>p

Given maximizer Y, the corresponding optimal controls

(t*,7*,Z*, ") induce an optimal contract C* = (7%, 7*,£*) with
1
2

7 d(X)e — HE (X, Z;,T7)dt

T
0

Sannikov '08
Cvitani¢, Possamai & NT '15
Lin, Ren, NT & Yang '19 X
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Principal-Agent problem Formulation

Reduction to standard control problem

Comments on the theorem

Examples of volatility control problems

@ Portfolio optimization
th = Qt . dSt

@ Demand-Response programs in electricity retail market

dXt = (ltdt + Bt . th

Open to many extensions

@ agent may also choose optimally to quit (Sannikov)

@ many agents, many principals under competition (Possamai &...)

ECOLE
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@ Limited liability (Possamai & Villeneuve)
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Principal-Agent problem Formulation

Reduction to standard control problem

Recall the subclass of contracts

t

1

Y/ =Y, +/ Zo - dXs + Erszd<x>s — H(X, YT, Z,,T.)ds
0

P—as. forallPeP
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Principal-Agent problem Formulation

Reduction to standard control problem

Recall the subclass of contracts

t

1

Vi = Yot / Ze - dXs + 5T d(X)s — Ho(X, YT, Z:,To)ds
0

P—as. forallPeP

To prove the main result, it suffices to prove the representation

forall € €?? 3 (Yo, Z,T) st £=YZ' P—as forallPeP
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Principal-Agent problem Formulation

Reduction to standard control problem

Recall the subclass of contracts

t

1

Vi = Yot / Ze - dXs + 5T d(X)s — Ho(X, YT, Z:,To)ds
0

P—as. forallPeP

To prove the main result, it suffices to prove the representation

forall € €?? 3 (Yo, Z,T) st £=YZ' P—as forallPeP

OR, weaker sufficient condition :

forall¢ €?? 3(¥g, 271" st YT — ¢ X
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Uncontrolled volatility

Dynamic representation of random variables q -
Y P! Possibly controlled volatility

The uncontrolled volatility case

e Path-dependent Hamiltonian for the Agent problem :

1
HE (w,2,7) 1= sup {be(w, 1) - 2+ S0 (w): 7+ me(w) - ci(w, u) }
uel 2

e For Yo € R, Z.T X — prog meas, define

t
1
Y27 Z v+ / Zo- X+ 5T d(X)s — HI(X, Z.,T.)ds
0

P—as. forall PP
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Uncontrolled volatility

Dynamic representation of random variables q -
Y P! Possibly controlled volatility

The uncontrolled volatility case

e Path-dependent Hamiltonian for the Agent problem :

1
H (w, z,7v) == EatatT(w) Y+ sgz {bt(w, u)-z+m(w) — cr(w, u)}J

e For Yo € R, Z.T X — prog meas, define

t 1 1
yZ T — Y0+/ Zo-dXo+ 5T d(X)s—EatUtT:‘/—Hf(X,Zs,O)ds
0

P—as. forall Pe P
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Uncontrolled volatility

Dynamic representation of random variables q -
Y P! Possibly controlled volatility

The uncontrolled volatility case

e Path-dependent Hamiltonian for the Agent problem :

1
HY (w,z,7) := iatatT(w) Y+ SEB {bt(w, u)-z+m(w) — e (w, u)}J

e For Yo € R, Z.T FX — prog meas, define
t
Y =Y, +/ Zo - dXs — HF (X, Zs,0)ds
0

P—as. forall P e P
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Uncontrolled volatility

Dynamic representation of random variables q -
Y P! Possibly controlled volatility

The uncontrolled volatility case

e Path-dependent Hamiltonian for the Agent problem :

1
H (w, z,7v) == iata:(w) v+ sgB {bt(w, u)-z+m(w) — cr(w, u)}J

e For Yo € R, Z.T FX — prog meas, define
t
YT =Y, +/ Z. - dXs — HF (X, Z,0)ds
0

Po—a.s. for some Py € P
(P dominated set of measures by Girsanov)
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Uncontrolled volatility

Dynamic representation of random variables q -
Y P! Possibly controlled volatility

The uncontrolled volatility case

e Path-dependent Hamiltonian for the Agent problem :

1
H (w, z,7v) == iata:(w) v+ sgB {bt(w, u)-z+m(w) — cr(w, u)}J

e For Yo € R, Z.T FX — prog meas, define
t
YT =Y, +/ Z. - dXs — HF (X, Z,0)ds
0

Po—a.s. for some Py € P
(P dominated set of measures by Girsanov)

Representation problem reduces to
Y70 —¢ Py—as. Backward SDE.. O

Pardoux & Peng '90, El Karoui, Peng & Quenez '96 X )
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Uncontrolled volatility

Dynamic representation of random variables Possibly controlled volatility

The controlled volatility case

e Hi(w,y, z,7) non-decreasing and convex in -, the

1 .
Ht(w7y727”r’ = Sup{502:"7—H:(wﬂY7Z7U)}

ECOLE
£ R, POLYTECHNIQUE

Nizar Touzi Continuous time Principal Agent and optimal planning



Uncontrolled volatility

Dynamic representation of random variables Possibly controlled volatility

The controlled volatility case

e Hi(w,y, z,7) non-decreasing and convex in -, the
1 .
Hi(w, = sup{EUZ:W—Hg(w,y.,z,a)}
d(X)

o let 52 := TR and introduce

1
kt = Ht(yt,Zt, rt) — 50’1, rt + H (Yt, Zt,a't) . 2 0 and “ng’]; kt = 0//
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Uncontrolled volatility

Dynamic representation of random variables Possibly controlled volatility

The controlled volatility case

o Hi(w,y, z,7) non-decreasing and convex in -, the
1 .
Ht W>y727”ﬁ) = 5“9{50237—"":(%%270)}
g
s2._ d(X)

o let 57 := , and introduce

dt
1 , .
ke == He(Ye, Ze,Ty) — 5&3 Te 4+ H (Y:, Z:,6¢): >0 and “&!n; ke = 0"
o

Then, required representation ¢ = YZ', P—q.s. is equivalent to

g = YO +/ Zt . dXt + H:(Yt,Zt,ﬁt)dt —/ ktdt, P — g.s.
0 0

— 2BSDE up to approximation of nondecreasing process K = [0 k:dt...
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Uncontrolled volatility
Possibly controlled volatility

Dynamic representation of random variables

Wellposedness of random horizon 2Ndorder backward SDE

Vorr =€+ [ FlVeZutds— [ Zo-axet [ aie, P-as
t t c

AT AT tAT
K non-decreasing, and infpcp ]EP[ [‘MT dK,} =0,s<t

JSAT

Theorem (Y. Lin , Z. Ren, NT & J. Yang '18)

Assume 3 > ~1u, 41 €4[|erme|"] + 4 [( lert P e) ] < oo

Then, Random horizon 2BSDE has a unique solution (Y, Z) with

YeD,,, ZeH,, forall nel-pp), pell,q)

P
2

7 i nt ~ 2
1Y, =& suplev]. 1212, :zsL[(/|e/fatht| i)’
sup ;

Extends Soner, NT & Zhang '12 and Possamai, Tan & Zhou '18 ><f’,gf¢;cﬂ,,,m
Closely connected to G-BSDE, Hu, Ji, Peng & Song '14
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Mean field games and optimal planning

Mean field games

Consider a croud of agents in MFG equilibrium :

VE (1, €) = sup J(j1,, ) = J(1,€,7%)
Pe

i T

where J(P,p, &) = E" [f(X) —/ ct(ut,at,&)dt]
0

and [P € P is weak solution of controlled process :

Po(Xo) ™! = j0, and dX; = (X, B:) [Ne(X, o) dt+d W, ], P—a.s.

Definition (Mean field game equilibrium)

fi is an MFG equilibrium if I@"g o(Xt) ™t =/, forall t < T

ECOLE
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Mean field games and optimal planning

P.L. Lions" Planning Problem

@ uncontrolled diffusion o4(3) = Iy
@ Markov setting : Ar(w) = Ae(we), c..., and &(w) = g(wT)

Planning Problem

o Let 119, v be given probability measures on R
e Find g : RY — R so that

MFG equilibrium /i exists and jig = o, fiT = v

Interpretation : optimal transport, regulation

| A

Start from croud distributed as pg. Choose an appropriate incentive cost
g :R9+—— R so as to force the MFG equilibrium to the target
distribution v at time T.

v

= Unique solution exists for any pair (u, v)... ><E%i’¢&m.m
Lions '10, Achdou Y, Camilli F & Capuzzo Dolcetta '12, Porretta '14 )
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Mean field games and optimal planning

Path-dependent formulation of the Planning Problem

Allow the incentive cost £ to be path-dependent

Path-dependent Planning Problem

o Let 19, be given probability measures on R?
e Find £ : Q —— R, Fr—measurable, so that

MFG equilibrium [i exists and [ig = o, [T =V

@ More freedom for the choice of incentive regulation

@ Multiple solutions, in general

ECOLE
‘ POLYTECHNIQUE
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Mean field games and optimal planning

MFG equilibria with varying path-dependent cost &

Forward description of MFG equilibria

For all controls (Z.,T), let €27 := Y7, where Y7 is defined by the
McKean-Vlasov controlled process

1
dY{ T = ZeedXe + STe:d(X)e = He(YET, 2 Ty )

e = P o X! distribution of X; with controls defined as maximizers of H

1/2

@ Multiple solutions, in general

@ Skorohod embedding problem is a particular case :
e planning exists iff o < v in convex order
e Many solutions exist... sometimes corresponding to various ><E%f¢&m.m
optimization criteria !
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Mean field games and optimal planning

Optimal Planning Problem

MFG transport plans from 1o to v in Prob(RY)

® =(po,v) : £ € N°(Q, Fr) s.t. there exists an MFG equilibrium 4
satisfying IP{ o (X7)™* = v

e Given the planner criterion ¢ : Q x A°(Q, F7) — R, solve

VP suip B [o(X ()]

§€=(po,v)

Theorem (Z. Ren, X. Tan & NT)

Planner problem can be restricted to forward MV transport plans

VPE= sup EF [p(X, YE)]
Z,[: P4To(Xr)~t=v

(TECHNIQUE

/ \
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Mean field games and optimal planning

BON ANNIVERSAIRE NICOLE
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Mean field games and optimal planning

Nonlinear expectation operators

PO : subset of local martingale measures, i.e.
dX; = o,dW,, P—as. forall PeP°

= Nonlinear expectation

£ := sup E¥
Pepo

Similarly, P : subset of measures Q" such that
dX; = or(Aedt + dW;), Q —a.s. for some A, F — adapted, |A\| <L

= Another nonlinear expectation

EL = sup EY
PePt

ECOLE
£ R, POLYTECHNIQUE

& and &L will play the role of Sobolev norms...
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Mean field games and optimal planning

Nonlinearity

Assumptions on F: Ry x w x Rx RY x §¢ — R

(C1,) Lipschitz in (y,oz) :

’F(.,y,z,a) - F(.,y’,z',a)‘ <L(ly—y|+]o(z=2)])

(C2,,) Monotone in y :

=y [Fly, )= F(y ) < —nly—y'P

Denote 70 := F;(0,0,5)
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Mean field games and optimal planning

Nonlinearity

Assumptions on F: Ry x w x Rx RY x §¢ — R

(C1,) Lipschitz in (y,oz) :

’F(.,y,z,a) —F(,y 2 0) <L (ly—y'|+|o(z=2)])

(C2,,) Monotone in y :

=y [Fly, )= F(y ) < —nly—y'P

Denote 70 := F;(0,0,5)

Remark Deterministic finite horizon 7 = T : (C2),, not needed
Soner, NT & Zhang '14 and Possamai, Tan & Zhou '16
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