McKean-Vlasov (or MF) backward-forward
stochastic differential equations and MK-V
nonzero sum stochastic differential games

S.Hamadene

LMM, Le Mans University, France.
Jww B.Djehiche, KTH Stockholm, Sweden. Available at
arXiv:1904.06193 [math.PR].

Conference in honor of Nicole El Karoui 3x25th Birthday, May
21-24, Sorbonne University, Jussieu Campus, Paris.



Outlines
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2. Forward-Backward McKean-Vlasov SDEs ;

3. Existence of a Nash equilibrium for the NZSD game.



1. The MKV LQ nonzero-sum differential game

Consider a system controlled by m agents or players whose
dynamics is: X" := (X}");<r solution of:

Xpt = x4 [p{AXY + Y4y, Chul + DE[XY] + B, }ds
(1)
+ [HosXE + as}dWy, t < T,

i) The player i acts with a control u’ := (u});<7, valued in RP:
adapted and dt x dP-square integrable. The set U’ is of those
controls (admissible controls).



i) A= (Ai<r, 8= (B)icr, @ = ()<, C* = (Cf )i<r and
o = (o)< are bounded and adapted stochastic processes with
appropriate dimensions ; D = (D;);<7 is deterministic.



When a collective strategy u = (ui)i:Lm € U is implemented, the
payoff of player i is J;(u) given by:

Ji(u) = Ji((W)iz1m) == 5E[(XF) T Qi X+
fo T MLXY +ul Niug+E[XYT TLE[XY]}ds]
where:
i) for any i = 1,m, M* = (M});<r and N = (N});<r are adapted
processes valued respectively in R™*™ and RP:*Pi

i) T = (I'})<7 is deterministic and valued in R™*™.

They are all positive.



The problem is then to find a Nash equilibrium point for the game,
i.e., a collective control u* = (uj, ..., ) such that for any
1=1,m,

* * * * * * 1
Ji(ul,y ooy tig) < (Ul ooy U5 Uiy Uy g5 ey Uy ), Yy € UL

Remark: If m =2 and J; + Jy = 0, the game is of zero-sum type
and NEP is just a saddle-point.



For i = 1, m, let H; be the Hamiltonian associated with the i-th
player which is:

Hi(t,w, 2iy T, U1, ooy U, C) = 2] {Ag(w)x + D k=1.m CF(w)uF+
Dy ¢+ Bi(w)} + 3{z T Mj(w)z + u] N} (w)u; + ¢ 'Ti¢}

with u? € RPi, 2 € R" and ¢ € R".



Next for i = 1,m, let @* be the functions defined by:
At w, 2% = —(N)HCH) Tz, t <T.
The measurable functions @, i = 1,m, verify: Vi = 1,m,
H;(t,w, zi, @, (@ (t,w, 27)) j=1,m, ¢) <
Hi(t,w, zi, z, 0l (t,w, 2Y), ..., 0" (t,w, 27 1), ul,

a Tt w, 2, LA™ (t w, 2™), ), Yul € RPi



Proposition

Assume there exist Prog-meas. proc.
(X, (p',qY), ..., (p™,q™)) which belong to M? and which solve the

following Backward-Forward stochastic differential equation:
Vi <T,

Xp =+ [J{AX + iy CFa¥ (s, pF) + DE[X,] + Bs}ds
+ fOt{JSXS + as pdWy

pi= Q' Xy + [ {A]pl + MiX, + TIE[X,]

+D,E[pt] + Zj:Lm(ag)Tqé’j}ds - ftT QL dWs, i = 1,m.
(2)
Then the control @ := (W) j—1.m = ((@ (t,w,p?))t<T)j=1,m is an
open-loop Nash equilibrium point for the McKean-Vlasov NZS5DG.



Main steps of the proof: First note that

0750, — 07505 = (61 — 02)TS(0, — 02) +2(61 — 62) X6,
> 2(6; — 05) 720,

if 3 is positive.



Take i = 1. i) For v ceut,
T, @, am) — TN @)

= SE[{(XP) " QuX} — (X7)T Qi X7}

+f0 MlX”+U vas‘f‘E[XU] F'E

— JT{(Xo)T. ML X, + @] Nl +E[X,]T.TLE

[X

(XS] ds

s] yds]



But the matrices M!, N, I'l and Q' are positive. Then:
JYv, @, ... ™) — JYat, .. am) >
E[(X§ — X7)TQ X7 + [y {(XY = X,)T MIX, + (vs —al) T Nlal+

(E[X? — X,]) 'TIE[X,]}ds].

s



As pk = Q' X1 then by It6’s formula and expectation:

E[X7Q"' (X} — X71)] = Elpp(X§ — X7)]
fo {plD E X — X )] _XsMsl(X;) _Xs)

+(vs — @' (s,p3))Ci Tpy — (XY — Xo)E[LLX]

S

— (X5

— X5)DsE[py] }ds]



which yields,

fo Vs )T{NLig(s, pl) + Clpllds] = 0.



C. The Backward-Forward equations of McKean-Vlasov type

We consider the following BFSDEs of McKean-Vlasov type: t < T

Xt =x+ f(f f(sts,i{s,ZSaP(Xs,Ys))d8+
fg U(S,st}/;v ZS7P(X37YQ))dWS’
Yi = g(Xr,Px,) — [ hls, Xo, Yo, 2o, P(x, v))ds — [} ZsdWs,

(3)
i) X and Y have the same dimension.

i) The functions f, o, g and h are assumed to be Lipschitz
continuous in the variables z, y, z and v.



My (R¥) := the set of probability measures on R* with moments of
order 2.

For p1, 12 € Mao(R¥), the 2-Wasserstein distance is

d(p1, p2) := inf { (/kaRk |z — y\QF(d%dy))l/z} (4)

over F' € M(R* x R¥) with marginals 11 and po.

In terms of a coupling between two square-integrable random
variables £ and ¢’ defined on the same probability space (2, F, P):

dlp,v) = inf { (E [Ig = €17)"2, law(€) = s, law(€) = pa }
(5)



Then we have: B
d* (P, Pg,) < E[I€ — &[],

where P¢ := law(&) and Py := law(¢’).



For t € [0,T], v € Ma(R™ x R™),u = (i,,2) and o/ = (', )
in RMmtmxm e define the function A(t,u,u’,v) by

A(taua u/a V) = (f(&'xayazvl/) - f(sax/aylazlay)) ’ (y - y/)
+(h(8,$,y, 2, V) - h(S,ZL’I,y’, Z,v V)) : (I‘ - .1‘/)

+lo(s,z,y,2,v) —o(s, 2,y , 2", v), z — 2].

(7)



We consider the following assumptions:

( (i) there exists k > 0, s.t. for all t € [0,T7,
v € Ma(R™ x R™),u = (x,y, 2),u’ € RmTmtmxm

/ < _ _ 12 .S,
(H1) A(t,u, o, v) < —klz —2'|°, P-as

(ii) there exists k' > 0, s.t.

(g(z,v) —g(a',v)) - (x —2') > K|z —2'|?, P-as.



Theorem

Under (H1) and if the Lipschitz constant of f, g, h and o w.r.t v
are small enough then there exists a unique process U = (X,Y, Z)
which belongs to MM +m+mxm and which solves the FBSDE (3).

When the BFSDE does not depend on the laws, Hu-Peng (‘95),
Ham. (‘98), Peng-Wu ('99), etc.



a) Uniqueness of the solution

Let U’ = (X',Y’, Z’) be another solution to (3). Set
Vg = ]P)(X&YS), V; = ]P)(Xé’ys/)and

I'r = E[(Xy — X7) - (Y7 — Y7)]



By 1té’s formula,
Tr=E [ [ {(F(s,UL 1) = f(5,Us,vs) - (Y = Y5)
(s, Ul v2) = h(s, Uy, 1)) - (XL = X,)

+lo(s, UL, V.) —o(s,Us,vs), Zt — Z4|} ds]
(8)



Iy = E[(X7 — Xr) - (Y7 = Y7)]

= E[(X} — X1)(9(Xp, Pxy ) — 9(X7, Px,))
= E[(X} - X){(9(X], Px;) — 9(X1,Px1))

+(9(X7,Px;) — 9( X1, Px;)}]



In view of (H1), (6) and the Lipschitz continuity of g, we have

Uy > K E[| X7 — Xp’] - CJE(| X — Xr|ld(uy, pr)
> KE(|X7 — Xr*] - CYE(| X7 — Xr||E[| X7 — Xr|*]'/?

> (K — C))E(|X]) — Xr[?].



On the other hand, since f, h,o are Lipschitz in v, then
Iy < E[f] {A(s,Us, UL, vs)+
Co(1XE = Xl + Y] = Yal + 1125 — Zs|))d(vs, vg) bs].
As by (6),
d*(vs, 1) < E[IX; = Xf* + Y] - Vi) < E[|U; - Us|?),
we obtain

I'r<E [fOT {—K|X! = X2 + Cor||UL — U2} ds} .



But

T T
E| / |U? — U,|%ds) < CE|X} — Xrf* + / X!~ X, [%ds].
0 0



Then
It < CyrCE[| X — X7[2] + (CrC — B)E [fo X! — SPds}.
Therefore,

_ ~ T
(K=l Cur ONEIXG X P+ (b-Cuin O | [ 1) = x.Pas] <0
0

Now since C7 and C, 1 are small enough then X = X’ and finally
it holds that Y =Y’ and Z = 7/, dt ® dP-a.s.



b) _Existence of a solution.

Let 6 > 0 and (X", Y™, Z"),>0 defined recursively as follows.
(X9, Y% 7% = (0,0,0) and, for n > 1,U" = (X", Y™, Z")
satisfies

Xt =z [T f(s, UM 00) — 5(YH - v ds

+ [y {o (s, Urt vy — 6(Z0+ — Z) } dW,

Y = g (X ) — J s, UR vyds — [ Zetaw,

(9)

where 1" := P(xn yny and pi := Pxn.

The solution of (9) exists and is unique under (H1) (Hu-Peng ‘95,
Ham. ‘98, Peng-Wu ‘99).



It is enough to show that (U"),>0 and (X} )n>0 are Cauchy
sequences.
Forn > 1, t € [0,T], set

XZH”l = th+1 _Xgl7 )A/;Tlri’l pp— 1/;%4’1 _}/;77,7 Z;%Fl = Ztn+1 _ Zgl
and for ¢ € {f, h,0},
GrH() = (6, UPT ) — ol U )

and
@n(t) = @(ta Utnvl/tn) - So(tv Uz??yz?il)'



By Ité’'s formula and expectation, we obtain:
E[X7H - (o(XE ) — g(X7 i )]
OB [f (19212 + 1224112 ]
B[y (Rothrti(s) + Y o (s) 4 67 (s), 2041 ds]

= SB[ f) (Yot ¥ (200, 200) ds]
(10)



Using the Lipschitz continuity of g, Young's inequality, (6) and
(H1(ii)), we have

E[XPH - (g(XPE, i) — g(X7, )]
= B[XE - (g(XEH, up) — g(XF, 1))
+EXE - (g(X3, up) — (X3, )]
> KE[|X}E ] — CYE[ X3 Jd (i, )
> KE[| X7 2] — SER(|IXH 2] — SEd? (s, )

9 >n g T
> (K — SOE| X7 — L[ X2




Again, by the Lipschitz continuity of f, h, o, Young's inequality, (6)
and (H1(i)), we also have

th+1 . ﬁn+1(t> + }A/;n—i-l . f”+1(t) + [&nJA@)7 Zfﬂ]
= A(t, UM UP v + XL R ()

HY ) + [67(), 27



Then

[ ( hn—i-l )+}7Sn+1 . f"+1(8) + [&"+1(S),Z§L+1]> ds}
Xn+l‘2

E[fy {(

SV A UZE ) + B (X + (Y ?) b ds].




Furthermore, we have
B[y (Yot ¥+ (204, 200) ds]

<E[f) (W22 222 + (922 + 12211 ds]



Those inequalities lead to:

(K

+E [y {(k-

g A
SEENXE P

Cgo)| X+ 2 4 (§ — S52) (92 + | 221)1%) } ds|

< (PP + B 7 {31871+ (G + DITPP + §12717) as].



Setting

Cie C,a § Cya ¢ N 3C, §

.= min{k' — 2% g 2 0 _ & 0
7 = min{ 2’ 2¢ a +2’

we obtain
B X3P+ B [y 102+ 2ds] < 2 (BI&2P)+E[f 107 2llds] )

Choose «, € and § so that 6 < ~, then (X}),>0 is a Cauchy
sequence and (X"),>0, (Y"),>0 and (Z"),>0 are Cauchy
sequences. Hence, if X,Y and Z are the respective limits then
passing to the limit in (9), yields (X,Y, Z) is a solution of (3).



Other assumptions

One can consider instead of (H1) the following assumptions (H2):

( (i) there exists k& > 0, s.t. for all t € [0,T7,
v € Mo(R™ x R™), u, o/ € RmHmtmxm,
_A(t7'u,7u/7l/> < _k(’y_y/’2+ HZ_Z/H2)7 P-a.s.
(H2) (i) there exists k' > 0, s.t. for all v € My(R™ x R™),
z, 7’ € R™,

(g(z,v) — g(a',v)) - (x — ") > K|z — 2'|?, P-as. .




D. Existence of an open-loop Nash equilibrium point

Let us consider the following assumptions on the data of the
NZSDG:

Assumptions (A):

i) For any i = 1,...,m, the process (C{(N})"H(C}) " )i<r is
deterministic and independant of t. We set

K':=C{(N)~H DT
i) There exists a constant v > 0 such that

z'( Z KiQY)x > ~|z|? and 2 ( Z KMz > ~|z|?, t <T.

i=1m i=1,m



i) For any i = 1,m, K'.A] = A] K, K'.D; = D;.K" and
Ki.ogT = ogT.Ki.

iv) D and >

i—1.m KT, are small enough.

Remark: Those assumptions are easy to verify when the
coefficients are constant are in dimension 1.



Proposition
Under (A), the FBSDE (2) associated with the NZSDG has a

unique solution.

Actually let us consider the following FBSDE:

Xt =x+ fg{AsXs - Y@ + DS]E[XS] + 58}d5
+ Jo{os Xs + a5 }dW,
V= (Cimim K'Q) Xr—

T _ . . . .
ft {_A;—}/S - (Zi:l,m KZM;)XS - Zj:l,m(o-g)—rzaZ

—E[(3o1 5 KT X,] - E[DY,]}ds — [, ZdW,
(11)



Remark: Y =3, K'p'

By using Theorem of Section C, under (A), the solution (X,Y, Z)
of this equation exists and is unique under smallness of D and

(Zi:l,m K7rls)
Next for i = 1, m, let us consider the following BSDE:
= Q'Xr + [ {A] P, + MIX, + E['iX.] + E[Dpl]+
Z] lm( )T 17]}ds_ t dWSJ t<T.

The solution of this equation exists and is unique (BLP ‘09).



But multiplying p’ by K* and summing wrt i we obtain that
(X KLY )
i=1m i=1m

is also solution of the BSDE part in (11).

Then by uniqueness of the solution of the BSDE we have

Y = Z Kip' and Z = Z Kig'.

i=1,m i=1,m

Next replacing Y by D imlm K'p' in the FBSDE (11) we obtain
that (X, (p%, ¢")i=1.m) is a solution of the FBSDE of MKV type (2).



Theorem
The McKean-Vlasov NZSDG has an open-loop Nash equilibrium
point under (A).



Thanks for your attention.

Joyeux Anniversaire Nicole. Merci pour ta générosité.



