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1. The Linear-Quadratic nonzero-sum di�erential game. Link

with Forward-Backward SDEs ;

2. Forward-Backward McKean-Vlasov SDEs ;

3. Existence of a Nash equilibrium for the NZSD game.



1. The MKV LQ nonzero-sum di�erential game

Consider a system controlled by m agents or players whose

dynamics is: Xu := (Xu
t )t≤T solution of:

Xu
t = x+

∫ t
0{AsX

u
s +

∑
k=1,mC

k
s u

k
s +DsE[Xu

s ] + βs}ds

+
∫ t

0{σsX
u
s + αs}dWs, t ≤ T,

(1)

i) The player i acts with a control ui := (uit)t≤T , valued in Rpi
adapted and dt× dP-square integrable. The set U i is of those
controls (admissible controls).



ii) A = (At)t≤T , β = (βt)t≤T , α = (αt)t≤T , C
k = (Ckt )t≤T and

σ = (σt)t≤T are bounded and adapted stochastic processes with

appropriate dimensions ; D = (Dt)t≤T is deterministic.



When a collective strategy u = (ui)i=1,m ∈ U is implemented, the

payo� of player i is Ji(u) given by:

Ji(u) = Ji((u
i)i=1,m) := 1

2E[(Xu
T )>QiX

u
T+∫ T

0 {(X
u
s )>.M i

s.X
u
s + u>s .N

i
s.us + E[Xu

s ]>.Γis.E[Xu
s ]}ds]

where:

i) for any i = 1,m, M i = (M i
t )t≤T and N i = (N i

t )t≤T are adapted

processes valued respectively in Rn×n and Rpi×pi
ii) Γi = (Γit)t≤T is deterministic and valued in Rn×n.

They are all positive.



The problem is then to �nd a Nash equilibrium point for the game,

i.e., a collective control u∗ = (u∗1, ..., u
∗
n) such that for any

i = 1,m,

Ji(u
∗
1, ..., u

∗
m) ≤ Ji(u∗1, ..., u∗i−1, ui, u

∗
i+1, ..., u

∗
m), ∀ui ∈ U i.

Remark: If m = 2 and J1 + J2 = 0, the game is of zero-sum type

and NEP is just a saddle-point.



For i = 1,m, let Hi be the Hamiltonian associated with the i-th
player which is:

Hi(t, ω, zi, x, u1, ..., um, ζ) := z>i {At(ω)x+
∑

k=1,mC
k
t (ω)uk+

Dt . ζ + βt(ω)}+ 1
2{x

>M i
t (ω)x+ u>i N

i
t (ω)ui + ζ>Γitζ}

with ui ∈ Rpi , zi ∈ Rn and ζ ∈ Rn.



Next for i = 1,m, let ũi be the functions de�ned by:

ũi(t, ω, zi) := −(N i
t )
−1(Cit)

>zi, t ≤ T.

The measurable functions ũi, i = 1,m, verify: ∀i = 1,m,

Hi(t, ω, zi, x, (ũ
j(t, ω, zj))j=1,m, ζ) ≤

Hi(t, ω, zi, x, ũ
1(t, ω, z1), ..., ũi−1(t, ω, zi−1), ui,

ũi+1(t, ω, zi+1), ..., ũm(t, ω, zm), ζ), ∀ui ∈ Rpi .



Proposition

Assume there exist Prog-meas. proc.

(X, (p1, q1), ..., (pm, qm)) which belong toM2 and which solve the

following Backward-Forward stochastic di�erential equation:

∀t ≤ T ,

Xt = x+
∫ t

0{AsXs +
∑

k=1,mC
k
s ũ

k(s, pks) +DsE[Xs] + βs}ds

+
∫ t

0{σsXs + αs}dWs

pit = QiXT +
∫ T
t {A

>
s p

i
s +M i

sXs + ΓisE[Xs]

+DsE[pis] +
∑

j=1,m(σjs)>q
i,j
s }ds−

∫ T
t qisdWs, i = 1,m.

(2)

Then the control ũ := (ũj)j=1,m = ((ũj(t, ω, pj))t≤T )j=1,m is an

open-loop Nash equilibrium point for the McKean-Vlasov NZSDG.



Main steps of the proof: First note that

θ>1 Σθ1 − θ>2 Σθ2 = (θ1 − θ2)>Σ(θ1 − θ2) + 2(θ1 − θ2)>Σθ2

≥ 2(θ1 − θ2)>Σθ2

if Σ is positive.



Take i = 1. i) For v ∈ U1,

J1(v, ũ2, . . . , ũm)− J1(ũ1, . . . , ũm)

= 1
2E[{(Xv

T )>Q1X
v
T − (XT )>Q1XT }

+
∫ T

0 {(X
v
s )>.M1

s .X
v
s + v>s .N

1
s .vs + E[Xv

s ]>.Γ1
s.E[Xv

s ]}ds

−
∫ T

0 {(Xs)
>.M1

s .Xs + ũ>s .N
1
s .ũs + E[Xs]

>.Γ1
s.E[Xs]}ds]



But the matrices M1, N1, Γ1 and Q1 are positive. Then:

J1(v, ũ2, . . . , ũm)− J1(ũ1, . . . , ũm) ≥

E[(Xv
T −XT )>Q1XT +

∫ T
0 {(X

v
s −Xs)

>M1
sXs + (vs − ũ1

s)
>N1

s ũ
1
s+

(E[Xv
s −Xs])

>Γ1
sE[Xs]}ds].



As p1
T = Q1XT then by Itô's formula and expectation:

E[XTQ
1(Xv

T −XT )] = E[p1
T (Xv

T −XT )]

= E[
∫ T

0 {p
1
sDsE[(Xv

s −Xs)]−XsM
1
s (Xv

s −Xs)

+(vs − ũ1(s, p1
s))C

1>
s p1

s − (Xv
s −Xs)E[Γ1

sXs]

−(Xv
s −Xs)DsE[p1

s]}ds]



which yields,

J1(v, ũ2, . . . , ũm)− J1(ũ1, . . . , ũm)

≥ E[
∫ T

0 (vs − ũ1
s)
>{N1

s ũs(s, p
1
s) + C1

sp
1
s}ds] = 0.



C. The Backward-Forward equations of McKean-Vlasov type

We consider the following BFSDEs of McKean-Vlasov type: t ≤ T



Xt = x+
∫ t

0 f(s,Xs, Ys, Zs,P(Xs,Ys))ds+∫ t
0 σ(s,Xs, Ys, Zs,P(Xs,Ys))dWs,

Yt = g(XT ,PXT )−
∫ T
t h(s,Xs, Ys, Zs,P(Xs,Ys))ds−

∫ T
t ZsdWs,

(3)

i) X and Y have the same dimension.

ii) The functions f , σ, g and h are assumed to be Lipschitz

continuous in the variables x, y, z and ν.



M2(Rk) := the set of probability measures on Rk with moments of

order 2.

For µ1, µ2 ∈M2(Rk), the 2-Wasserstein distance is

d(µ1, µ2) := inf

{(∫
Rk×Rk

|x− y|2F (dx, dy)

)1/2
}

(4)

over F ∈M(Rk × Rk) with marginals µ1 and µ2.

In terms of a coupling between two square-integrable random

variables ξ and ξ′ de�ned on the same probability space (Ω,F ,P):

d(µ, ν) = inf
{(

E
[
|ξ − ξ′|2

])1/2
, law(ξ) = µ1, law(ξ′) = µ2

}
.

(5)



Then we have:

d2(Pξ,Pξ̄, ) ≤ E[|ξ − ξ̄|2], (6)

where Pξ := law(ξ) and Pξ′ := law(ξ′).



For t ∈ [0, T ], ν ∈M2(Rm × Rm), u = (x, y, z) and u′ = (x′, y′, z′)
in Rm+m+m×m, we de�ne the function A(t, u, u′, ν) by

A(t, u, u′, ν) = (f(s, x, y, z, ν)− f(s, x′, y′, z′, ν)) · (y − y′)

+(h(s, x, y, z, ν)− h(s, x′, y′, z′, ν)) · (x− x′)

+[σ(s, x, y, z, ν)− σ(s, x′, y′, z′, ν), z − z′].
(7)



We consider the following assumptions:

(H1)



(i) there exists k > 0, s.t. for all t ∈ [0, T ],
ν ∈M2(Rm × Rm), u = (x, y, z), u′ ∈ Rm+m+m×m,

A(t, u, u′, ν) ≤ −k|x− x′|2, P-a.s.

(ii) there exists k′ > 0, s.t.

(g(x, ν)− g(x′, ν)) · (x− x′) ≥ k′|x− x′|2, P-a.s.



Theorem
Under (H1) and if the Lipschitz constant of f , g, h and σ w.r.t ν
are small enough then there exists a unique process U = (X,Y, Z)
which belongs toM2,m+m+m×m and which solves the FBSDE (3).

When the BFSDE does not depend on the laws, Hu-Peng (`95),

Ham. (`98), Peng-Wu (`99), etc.



a) Uniqueness of the solution

Let U ′ = (X ′, Y ′, Z ′) be another solution to (3). Set

νs = P(Xs,Ys), ν
′
s = P(X′

s,Y
′
s )and

ΓT = E[(X ′T −XT ) · (Y ′T − YT )]



By Itô's formula,

ΓT = E
[∫ T

0 {(f(s, U ′s, ν
′
s)− f(s, Us, νs)) · (Y ′s − Ys)

+(h(s, U ′s, ν
′
s)− h(s, Us, νs)) · (X ′s −Xs)

+[σ(s, U ′s, ν
′
s)− σ(s, Us, νs), Z

′
s − Zs]} ds]

(8)



ΓT = E[(X ′T −XT ) · (Y ′T − YT )]

= E[(X ′T −XT )(g(X ′T ,PX′
T

)− g(XT ,PXT )]

= E[(X ′T −XT ){(g(X ′T ,PX′
T

)− g(XT ,PX′
T

))

+(g(XT ,PX′
T

)− g(XT ,PXT )}]



In view of (H1), (6) and the Lipschitz continuity of g, we have

ΓT ≥ k′E[|X ′T −XT |2]− CgνE[|X ′T −XT |]d(µ′T , µT )

≥ k′E[|X ′T −XT |2]− CgνE[|X ′T −XT |]E[|X ′T −XT |2]1/2

≥ (k′ − Cgν )E[|X ′T −XT |2].



On the other hand, since f, h, σ are Lipschitz in ν, then

ΓT ≤ E[
∫ T

0 {A(s, Us, U
′
s, νs)+

Cν(|X ′s −Xs|+ |Y ′s − Ys|+ ‖Z ′s − Zs‖)d(νs, ν
′
s)}ds].

As by (6),

d2(νs, ν
′
s) ≤ E[|X ′s −Xs|2 + |Y ′s − Ys|2] ≤ E[‖U ′s − Us‖2],

we obtain

ΓT ≤ E
[∫ T

0

{
−k|X ′s −Xs|2 + Cν,T ‖U ′s − Us‖2

}
ds
]
.



But

E[

∫ T

0
‖U ′s − Us‖2ds] ≤ C̃E[|X ′T −XT |2 +

∫ T

0
|X ′s −Xs|2ds].



Then

ΓT ≤ Cν,T C̃E[|X ′T −XT |2] + (Cν,T C̃ − k)E
[∫ T

0 |X
′
s −Xs|2ds

]
.

Therefore,

(k′−Cgν−Cν,T C̃))E[|X ′T−XT |2]+(k−Cν,T C̃))E
[∫ T

0
|X ′s −Xs|2ds

]
≤ 0.

Now since Cgν and Cν,T are small enough then X = X ′ and �nally

it holds that Y = Y ′ and Z = Z ′, dt⊗ dP-a.s.



b) Existence of a solution.

Let δ > 0 and (Xn, Y n, Zn)n≥0 de�ned recursively as follows.

(X0, Y 0, Z0) = (0, 0, 0) and, for n ≥ 1, Un = (Xn, Y n, Zn)
satis�es

Xn+1
t = x+

∫ t
0

{
f(s, Un+1

s , νns )− δ(Y n+1
s − Y n

s )
}
ds

+
∫ t

0

{
σ(s, Un+1

s , νns )− δ(Zn+1
s − Zns )

}
dWs,

Y n+1
t = g(Xn+1

T , µnT )−
∫ T
t h(s, Un+1

s , νns )ds−
∫ T
t Zn+1

s dWs,
(9)

where νnt := P(Xn
t ,Y

n
t ) and µ

n
T := PXn

T
.

The solution of (9) exists and is unique under (H1) (Hu-Peng `95,

Ham. `98, Peng-Wu `99).



It is enough to show that (Un)n≥0 and (Xn
T )n≥0 are Cauchy

sequences.

For n ≥ 1, t ∈ [0, T ], set

X̂n+1
t := Xn+1

t −Xn
t , Ŷ

n+1
t := Y n+1

t −Y n
t , Ẑ

n+1
t := Zn+1

t −Znt

and for ϕ ∈ {f, h, σ},

ϕ̂n+1(t) := ϕ(t, Un+1
t , νnt )− ϕ(t, Unt , ν

n
t )

and

ϕ̄n(t) := ϕ(t, Unt , ν
n
t )− ϕ(t, Unt , ν

n−1
t ).



By Itô's formula and expectation, we obtain:

E[X̂n+1
T · (g(Xn+1

T , µnT )− g(Xn
T , µ

n−1
T ))]

+δE
[∫ T

0

(
|Ŷ n+1
s |2 + ‖Ẑn+1

s ‖2
)
ds
]

−E
[∫ T

0

(
X̂n+1
s · ĥn+1(s) + Ŷ n+1

s · f̂n+1(s) + [σ̂n+1(s), Ẑn+1
s ]

)
ds
]

= δE
[∫ T

0

(
Ŷ n+1
s · Ŷ n

s + [Ẑn+1
s , Ẑns ]

)
ds
]
.

(10)



Using the Lipschitz continuity of g, Young's inequality, (6) and
(H1(ii)), we have

E[X̂n+1
T · (g(Xn+1

T , µnT )− g(Xn
T , µ

n−1
T ))]

= E[X̂n+1
T · (g(Xn+1

T , µnT )− g(Xn
T , µ

n
T ))]

+E[X̂n+1
T · (g(Xn

T , µ
n
T )− g(Xn

T , µ
n−1
T ))]

≥ k′E[|X̂n+1
T |2]− CgνE[|X̂n+1

T |]d(µnT , µ
n−1
T )

≥ k′E[|X̂n+1
T |2]− Cgν ε

2 E[|X̂n+1
T |2]− Cgν

2ε d
2(µnT , µ

n−1
T )

≥ (k′ − Cgν ε
2 )E[|X̂n+1

T |2]− Cgν
2ε E[|X̂n

T |2].



Again, by the Lipschitz continuity of f, h, σ, Young's inequality, (6)
and (H1(i)), we also have

X̂n+1
t · ĥn+1(t) + Ŷ n+1

t · f̂n+1(t) + [σ̂n+1(t), Ẑn+1
t ]

= A(t, Un+1
t , Unt , ν

n
t ) + X̂n+1

t · h̄n(t)

+Ŷ n+1
t · f̄n(t) + [σ̄n(t), Ẑn+1

t ]



Then

E
[∫ T

0

(
X̂n+1
s · ĥn+1(s) + Ŷ n+1

s · f̂n+1(s) + [σ̂n+1(s), Ẑn+1
s ]

)
ds
]

≤ E[
∫ T

0 {(
Cνα

2 − k)|X̂n+1
t |2+

Cνα
2 (|Ŷ n+1

t |2 + ‖Ẑn+1
t ‖2) + 3Cν

2α (|X̂n
t |2 + |Ŷ n

t |2)}ds].



Furthermore, we have

E
[∫ T

0

(
Ŷ n+1
s · Ŷ n

s + [Ẑn+1
s , Ẑns ]

)
ds
]

≤ 1
2E
[∫ T

0

(
|Ŷ n+1
s |2 + ‖Ẑn+1

s ‖2 + |Ŷ n
s |2 + ‖Ẑns ‖2

)
ds
]
.



Those inequalities lead to:

(k′ − Cgν ε
2 )E[|X̂n+1

T |2]

+E
[∫ T

0

{
(k − Cνα

2 )|X̂n+1
s |2 + ( δ2 −

Cνα
2 )(|Ŷ n+1

s |2 + ‖Ẑn+1
s ‖2)

}
ds
]

≤ Cgν
2ε E[|X̂n

T |2] + E
[∫ T

0

{
3Cν
2α |X̂

n
s |+ (3Cν

2α + δ
2)|Ŷ n

s |2 + δ
2‖Ẑ

n
s ‖2
}
ds
]
.



Setting

γ := min{k′ − Cgνε

2
, k − Cνα

2
,
δ

2
− Cνα

2
}, θ :=

Cgν
2ε

+
3Cν
α

+
δ

2
,

we obtain

E[|X̂n+1
T |2] + E

[∫ T
0 ‖Û

n+1
s ‖2ds

]
≤ θ

γ

(
E[|X̂n

T |2] + E
[∫ T

0 ‖Û
n
s |2‖ds

])
.

Choose α, ε and δ so that θ < γ, then (Xn
T )n≥0 is a Cauchy

sequence and (Xn)n≥0, (Y
n)n≥0 and (Zn)n≥0 are Cauchy

sequences. Hence, if X,Y and Z are the respective limits then

passing to the limit in (9), yields (X,Y, Z) is a solution of (3).



Other assumptions

One can consider instead of (H1) the following assumptions (H2):

(H2)



(i) there exists k > 0, s.t. for all t ∈ [0, T ],
ν ∈M2(Rm × Rm), u, u′ ∈ Rm+m+m×m,

A(t, u, u′, ν) ≤ −k(|y − y′|2 + ‖z − z′‖2), P-a.s.

(ii) there exists k′ > 0, s.t. for all ν ∈M2(Rm × Rm),
x, x′ ∈ Rm,

(g(x, ν)− g(x′, ν)) · (x− x′) ≥ k′|x− x′|2, P-a.s. .



D. Existence of an open-loop Nash equilibrium point

Let us consider the following assumptions on the data of the

NZSDG:

Assumptions (A):

i) For any i = 1, ...,m, the process (Cit(N
i
t )
−1(Cit)

>)t≤T is

deterministic and independant of t. We set

Ki := Cit(N
i
t )
−1(Cit)

>.

ii) There exists a constant γ > 0 such that

x>(
∑
i=1,m

KiQi)x ≥ γ|x|2 and x>(
∑
i=1,m

KiM i
t )x ≥ γ|x|2, t ≤ T.



iii) For any i = 1,m, Ki.A>t = A>t .K
i, Ki.Dt = Dt.K

i and

Ki.σj>t = σj>t .Ki.

iv) D and
∑

i=1,mK
iΓis are small enough.

Remark: Those assumptions are easy to verify when the

coe�cients are constant are in dimension 1.



Proposition

Under (A), the FBSDE (2) associated with the NZSDG has a

unique solution.

Actually let us consider the following FBSDE:



Xt = x+
∫ t

0{AsXs − Ȳs +DsE[Xs] + βs}ds

+
∫ t

0{σsXs + αs}dWs

Ȳt = (
∑

i=1,mK
iQi)XT−∫ T

t {−A
>
s Ȳs − (

∑
i=1,mK

iM i
s)Xs −

∑
j=1,m(σjs)>Z̄

j
s

−E[(
∑

i=1,mK
iΓis)Xs]− E[DsȲs]}ds−

∫ T
t Z̄sdWs

(11)



Remark: Ȳ =
∑

i=1,mK
ipi.

By using Theorem of Section C, under (A), the solution (X, Ȳ , Z̄)
of this equation exists and is unique under smallness of D and

(
∑

i=1,mK
iΓis).

Next for i = 1,m, let us consider the following BSDE:

pit = QiXT +
∫ T
t {A

>
s p

i
s +M i

sXs + E[ΓisXs] + E[Dsp
i
s]+∑

j=1,m(σjs)>q
i,j
s }ds−

∫ T
t qisdWs, t ≤ T.

The solution of this equation exists and is unique (BLP `09).



But multiplying pi by Ki and summing wrt i we obtain that

(
∑
i=1,m

Kipi,
∑
i=1,m

Kiqi)

is also solution of the BSDE part in (11).

Then by uniqueness of the solution of the BSDE we have

Ȳ =
∑
i=1,m

Kipi and Z̄ =
∑
i=1,m

Kiqi.

Next replacing Ȳ by
∑

i=1,mK
ipi in the FBSDE (11) we obtain

that (X, (pi, qi)i=1,m) is a solution of the FBSDE of MKV type (2).



Theorem
The McKean-Vlasov NZSDG has an open-loop Nash equilibrium

point under (A).



Thanks for your attention.

Joyeux Anniversaire Nicole. Merci pour ta générosité.


