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INTRODUCTION

» Ongoing work with Jérome Lelong, ENSIMAG

» Computing an American option involving a large number of
assets remains a numerically difficult task

» A hope : Neural Network (NN) can (may) help to reduce the
computational burden.

» Some previous works using NN for optimal stopping (not LS
algorithm though)

> Michael Kohler, Adam Krzyzak, and Nebojsa Todorovic. Pricing of
high-dimensional American options by neural networks.
Math. Finance, 20(3):383-410, 2010

> Sebastian Becker, Patrick Cheridito, and Arnulf Jentzen. Deep optimal
stopping.
arXiv preprint arXiv:1804.05394, 2018

» What can be proved for a LS algorithm using NN
approximation?
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COMPUTING BERMUDEAN OPTIONS PRICES

> A discrete time (discounted) payoff process (Zr, )o<k<n adapted
to (Fr,)Jo<k<n- maxo<k<n |Z1,| € L2.

» The (discounted) value of the Bermudan option at times
(Tk)o<k<n is given by

Uy =supE (Z,).

Ts. t

» Standard dynamic programming algorithm (— “Tsistsiklis-Van

Roy” type algorithms).
Ury, =Z1y
)
Ur, = max (ZTk’ E[uTk+l |‘7:Tk])

» Using optimal stopping times 7 at time k rewrites as (—
“Longstaff-Schwartz” algorithm)

™ = Tn, thenfor0 <k < N
@ =Tk l{ZTkZ]E[ZrkH\]"Tk]} T Tt 1{ZTk<]E[Z7—k+1\]-'Tk]}’

Up = max(Zo,E[Z~]).
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THE MARKOVIAN CONTEXT

» Markovian context : (X;)o<i<T is a Markov process and

= &(X1,)-
[ Tk+1|ka] = [ Tk+1|XTk] wk(XTk)

» Because of L2 assumption, 1 can be computed by a
minimization problem

E{|Zn.. - 0(Xn)|’]

inf
YEL(L(Xr,))

» LS = using equation (2), if you have an approximation of 7441
using simulation, you can obtain by minimization an
approximation of E[Z,_ |Xr,] and so obtain an approximation of
Tk
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DIFFERENT NUMERICAL STRATEGIES

» Longstaff/Schwartz type algorithms rely on direct
approximation of stopping times and use of the same simulated
paths for all time steps (obvious and large computational gains).

» The standard numerical (LS) approach : approximate the space
L? by a finite dimensional vector space (polynomials, ...)

» We investigate the use of Neural Networks to approximate 1.

» Kohler et al. [2010]: neural networks but in a different context
(approximation of the value function Tsitsiklis and Roy [2001],
equation (1)) and re-simulation of the paths at each time steps.
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LS: TRUNCATION STEP

v

(gk,k > 1) is an L*(£(X)) basis and ®,(X, 0) = >_F_; 6k gx(X).
Backward approximation of iteration policy using (2),

v

TN =Tn
=Ty ) ot Lz <o)

v

with conditional expectation computed using a Monte Carlo

é?l is a minimizer of

)

Price approximation : Ug = max (Zo, E (Z;{:)) .

minimization problem :

Tat1

inf & (]@p(xn;e) —Z

v
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THE LS ALGORITHM
> (gk,k >1)is an L?(L(X)) basis and ®,(X,0) = >F_, 0k gk(X).
» Paths X(T;"), X(T:"), - ,X(TTN") and payoff paths Z(Tm Z(TTI"), e ,Z(Trz),
m=1,...,
» Backward approximation of iteration policy,

/7:]!\77, (m) _ TN
?rrlf,('ﬂ)

—p.(m)
Tl {0 s, x oy} + T 120 ca i )

» with conditional expectation computed using a Monte Carlo
minimization problem : #,"" is a minimizer of

1< ( (m)
inf § P X’" A
m:l p 5Jr(1)
» Price approximation : US’M (ZO, M E M 1 Z m)(m)>
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REFERENCE PAPERS

» Description of the algorithm :

FEA. Longstaff and R.S. Schwartz. Valuing American options by
simulation : A simple least-square approach.
Review of Financial Studies, 14:113-147,2001.

» Rigorous approach :

E. Clément, D. Lamberton, and P. Protter. An analysis of a least
squares regression method for american option pricing.
Finance and Stochastics, 6(4):449-471,2002.

- U} converge to Uy, p — +oo

- UM converge to U, M — +o0 as.

- “almost” a central limit theorem
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THE MODIFIED ALGORITHM

» In LS algorithm replace approximation on a Hilbert basis ®,(.; 6)
by a Neural Network.

» The optimization problem is non linear, non convex, ...
» Aim : extend the proof of (a.s.) convergence results

: :
B. Lapeyre (Ecole des Ponts)  Conférence in honor of Nicole El Karoui 9/19




The Longstaff Schwartz algorithm References
: :

A QUICK VIEW OF NEURAL NETWORKS

InshortaNN:x — ®,(x,0) € R, 0 € R?, d large
¢, =ArocoAL 10---000A; L>2,Lfixed
Ai(x;) = wix; + G (affine functions)

vV v v v

p “maximum number of neurons per layer” (i.e. sizes of the w;
matrix)

> o a fixed non linear (called activation function) applied
component wise

> 0 := parameter (w, §) of all the different layers

» Restriction to the compact set ©, = {6 : 0] < v,} and assume
limy_ 00 p = 00.

> NN, = {®,(-,0) : 0 € O}

» NN = UpenNN,
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HYPOTHESIS H

v

there exist § > 0and g > 1

{»@p<x, 61) — ®(x,02)| < k|61 — 6]’ (1 + |x[7)
|, (x, 01)| < kg1 + [x|7)

E[|X;] < oo forall 0 < ¢ < T.
Forallp,n < N, P (Zg, = ®,(Xr,;6y)) = 0.

the familly of optimization problems admit a unique minimizer ¢,

y

v

v

v

Tht1

ol B (‘@,, X1,30) = Zar
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THE RESULT

Theorem
Under hypothesis H
» Convergence of the approximation in p

pli)m E[Zs|Fr,] = E[Z,, | Fr,] in L2(Q)  (ie. U — Up).

» SLLN :foreveryk=1,...,N,

lim — Z zA,, w =E|Zyg| as. (e UM
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CONVERGENCE OF THE APPROXIMATION IN p

A simple consequence of the Hornik theorem (Hornik [1991]).
» Also known as “Universal Approximation Theorem”.

Theorem (Hornik)

Assume that the function o is non constant and bounded. Let p denote a
probability measure on R’, then NN, is dense in L*(R", ).

» Corollary : If for every p, a;, € ©, is a minimizer of
. 2
Glerl@prH(I)p(X; 0) — Y|,
(@ (X; ap))p converges to E[Y|X] in L?(Q2) when p — co.

» proof of the convergence of the “non-linear approximation”
D,(X;0).
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CONVERGENCE OF MONTE-CARLO APPROXIMATION

v

p fixed, N — 400

v

Minimisation problem is now non linear, need more abstract
arguments to prove convergence

v

Two ingredients (“old” results)

v

First result : approximation of minimization problems
Lemma (Rubinstein and Shapiro [1993])

> (fu)n defined on a compact set K C R?. v, = infye fu(x)
> X, a sequence of minimizers f,(x,) = infyck fu(x).

If (fu)n converges uniformly on K to a continuous function f. v* = infrex f(x),
then v, — v*.

Moreover if x* is the unique minimizer of f, then x, — x*.
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CONVERGENCE OF MONTE-CARLO APPROXIMATION

» Second result : SLLN in Banach spaces
(Ledoux and Talagrand [1991], date back to Mourier [1953]).

Lemma
Let (&)i>1 i.i.d. R"-valued, h : R? x R" — R. If
> a.s., 0 € R — h(6, &) is continuous,
» VK> 0, E [sup,a,SK |h(0,§1)|] < +o0.
Then

lim sup =0 as.

n4><>O|9|<K

nZh (6,&) — E[1(6, &)]
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CONVERGENCE OF MONTE-CARLO APPROXIMATION

v

Direct application of this 2 résults give convergence of

"= &

v

Using backward iteration, following Clément et al. [2002], give,
forn <N

M
O™ converges to 0} a.s. as M — oc.

B

M
Convergence of @Z needed to use backward recurrence

v
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NUMERICAL ASPECTS NOT COVERED HERE

Numerical experiments yet to be done (work in progress)
Numerical resolution of the optimization problem ...

Stochastic gradient descent is used to obtain a (local?) minimum

vV v vv

In principle less efficient that direct computation of the
minimum (in the linear case)
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